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Abstract
We study direct CP violation of τ → Kpi(η, η′)ν decays. By studying the forward and backward
asymmetry, the interference of L = 0 and L = 1 amplitudes of the hadronic system can be extracted.
By including the scalar and vector mesons into the chiral Lagrangian, we compute the form factors
which correspond to L = 0 and L = 1 angular momentum state of the hadronic system. We include
real and imaginary parts of the one loop corrections to the self-energies of the scalar and vector
mesons. The direct CP violation of the forward and backward asymmetry is computed using a
two Higgs doublet model in which a new CP violating phase is introduced. We show how the CP
violation of the forward and the backward asymmetry may depend on the new CP violating phase
and the strong phase of the form factors.
PACS numbers: 13.35.Dx,11.30.Er,12.39.Fe,12.60.Fr
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I. INTRODUCTION
Two B factories, both Belle and Babar have accumulated the very large samples of τ
decays. The τ lepton physics beyond the standard model, such as τ lepton number violation
and time reversal violation through the measurement of electric dipole moment have been
studied. The CP violation of the hadronic τ decay also has been investigated both theoreti-
cally [1] and experimentally [2]. Various angular distributions including the quantities using
the τ spin polarization have been also proposed [1, 3]. Recently, Belle and Babar reported
the precise measurements of the branching fractions of τ → Ksπν [4] and τ− → K−π0ν [5].
The improved measurement of the branching fraction for τ → Kην has been also obtained
[6]. About the τ → Kπν decays, the hadronic invariant mass spectrum has been measured.
Motivated by these measurements, we study the direct CP violation of τ± → K±P ν¯(ν)
with P = π0, η, η′ and τ± → Ksπ±ν¯(ν) . Non-vanishing direct CP violation in the processes
may arise with some new source of the CP violation in addition to Kobayashi Maskawa
phase [7] and the strong phase shifts of the final states of hadrons.
In τ → KPν decays, the hadronic system KP may have the angular momentum L = 0(s
wave) and L = 1(p wave). The interference term of them can be extracted from the forward
and backward asymmetry [8]. In the present paper, we define the asymmetry as the difference
of the numbers of events for K meson scattered into the forward and backward directions
with respect to the incoming τ momentum in the hadronic CM frame. By comparing the
forward and backward asymmetries for CP conjugate processes, the direct CP violation can
be defined. The s wave and p wave of the hadronic amplitudes are related to the scalar
and vector form factors in the time like region which have their own strong phases. To
evaluate them, we use a chiral Lagrangian including scalar and vector meson resonances
such as κ(800) and K∗(890). We compute the both real and imaginary parts of the one
loop corrections to the self-energy of the resonances and obtain the strong phase shifts. We
include the pseudoscalar meson loop correction and scalar and vector meson loop correction.
The latter may give an important contribution to the form factors at higher invariant mass
regions above 1 GeV up to mτ ∼ 1.7(GeV).
As a new physics effect, we study a two Higgs doublet model with non-minimal Yukawa
couplings to the charged leptons. The two Higgs doublets contribute to the charged lepton
mass through the Yukawa couplings. In the non-minimal model, the interaction of the
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charged Higgs boson to the τ lepton family can be CP violating. The interaction generates
the amplitude τR → ντLH− → ντL(u¯LsR)s−wave. The interference with the charged current
interaction due to W boson exchanged diagram may lead to the direct CP violation which
can be measured in the forward and backward asymmetry.
The paper is organized as follows. In section II, we show the hadronic chiral Lagrangian
including scalar and vector resonances. In section III, we derive the form factors. In section
IV, by fixing the finite renormalization constants, we numerically evaluate the form factors
and the hadroic invariant mass spectrum. In section V, we introduce the two Higgs dou-
blet model and present the direct CP violation. Section VI is devoted to conclusion and
discussion.
II. CHIRAL LAGRANGIAN INCLUDING SCALAR AND VECTOR MESONS
In this section, we show the chiral Lagrangian with vector and scalar resonances. The
following aspects are the main feature of the chiral Lagrangian.
• U(1)A breaking effect is taken into account so that we can apply the Lagrangian to τ
decays into the final states including Kη and Kη′.
• SU(3) breaking of the vector mesons are taken into account.
About the inclusion of the scalar resonances, we followed the approach of Ref.[9]. About
the vector meson sector, our Lagrangian is equivalent to the one in Ref.[10] except SU(3)
breaking effect for vector mesons. The chiral Lagrangian is given by,
L = f
2
4
TrDUDU † +BTrM(U + U †)− ig2pTr
(
ξMξ − ξ†Mξ†) η0 − M20
2
η20
+ TrDµSD
µS −M2σTrS2
+
g1
4
Tr(DµUD
µU †)(ξSξ†) + g2Tr
(
(ξMξ + ξ†Mξ†)S
)
− 1
2
TrFµνF
µν +M2VTr(Vµ −
αµ
g
)2 + g1VTrS(Vµ − αµ
g
)2, (1)
where S and V are the scalar nonets and vector nonets respectively. (See appendix A.) U
is the chiral field and is given as U = exp(2iπ/f) = ξ2. π is SU(3) octet pseudo Nambu
Goldstone boson and η0 corresponds to U(1)A pseudoscalar of which mass is denoted by M0.
The U(1)A symmetry is broken by the mass term explicitly. The covariant derivatives for
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the chiral field and the scalar field are given as,
DµU = (∂µ + iALµ)U, (2a)
DµS = ∂µS + i[αµ, S], (2b)
αµ = α
0
µ + ξ
†ALµ
2
ξ, (2c)
α0µ =
ξ†∂µξ + ξ∂µξ†
2i
, (2d)
where AL denotes the external vector field corresponds to SU(3)L. M in Eq.(1) is the chiral
breaking term for the light quarks and is given by,
M = diag.(mu, md, ms)
= ms · diag.(∆,∆d, 1). (3)
∆ denotes mu
ms
and ∆d =
md
ms
. In this work, we work in the isospin limit, mu = md. Below
we explain how we determine the parameters in the Lagrangian of Eq.(1).
• B, g1, g2
In the isospin limit, the vacuum expectation values of the scalar fields are given as,
S01 = S02 =
g2mu
M2σ
, S03 =
g2ms
M2σ
, (4)
which leads to the SU(3) breaking of the wave function renoramalization constants
and the decay constants of the pseudo Nambu Goldstone bosons,
Zij = 1 + g1
S0i + S0j
2f 2
, (5a)
FK = f
√
Z13, Fpi = f
√
Z11. (5b)
The decay constant for η8 is written as,
F8 = f
√
Z11
3
+
2Z33
3
= Fpi
√
4
3
R2 − 1
3
, (6)
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where R is FK
Fpi
. The generalized Gell-Mann Oakes Renner relation becomes,
m2KF
2
K = (mu +ms) (2B + g2(S01 + S03)) , (7a)
m2piF
2
pi = 2mu (2B + 2g2S01) , (7b)
which can be used to express g2, g1 and B with Eq.(4) and Eq.(5) in terms of the
physical quantities as,
g2ms =
MσFKmK√
1−∆
√
1
1 + ∆
− R−2 m
2
pi
m2K
1
2∆
, (8a)
g1 = 2
Mσ
mK
FK(1− R−2) 1√
1
1+∆
− 1
2∆R2
m2pi
m2
K
1√
1−∆ , (8b)
Bms =
1
4∆
1 +∆
1−∆m
2
piF
2
pi −
1
1 + ∆
∆
1−∆m
2
KF
2
K . (8c)
• η and η′ mesons and octet and singlet mixing angle θ08
g2p in Eq.(1) leads to the η0 and η8 mixing. The mass matrix for η0 and η8 sector is
diagonalized as,
L08 = −1
2
(η8, η0)

M288 M208
M208 M
2
00



 η8
η0

 = −1
2
(η, η′)

M2η 0
0 M2η′



 η
η′

 , (9a)

 η
η′

 =

 cos θ08 − sin θ08
sin θ08 cos θ08



 η8
η0

 . (9b)
where M208 =
4√
3
ms−mu
F8
g2p and we take the convention M
2
08 < 0. Beacuse the octet
mass M88 is given by
M288 =
1
3F 28
(
8
1 + ∆
M2KF
2
K −
2
∆
M2piF
2
pi +M
2
piF
2
pi
)
, (10)
M288 can be determined by FK , Fpi, MK ,Mpi, and ∆. With M
2
88 given by Eq. (10), the
parameters M200 and M
2
08 are also determined by using the masses of η and η
′ as,
M200 = M
2
η +M
2
η′ −M288, (11a)
5
M208 = −
√
M200M
2
88 −M2ηM2η′ . (11b)
Therefore, one may predict the η0 and η8 mixing angle with the relation,
θ08 = −1
2
arctan
2|M208|
M200 −M288
. (12)
The prediction of the mixing angle is rather close to the one experimentally extracted
from J/ψ → γη(η′) decays.(See for example [11].)
θ08th = −22.38(∆ = 1
24
), −21.49(∆ = 1
25
), (13a)
θ08exp = − arctan
√
Γ[J/ψ → γη]
Γ[J/ψ → γη′]
(
M2J/ψ −M2η′
M2J/ψ −M2η
) 3
2
≃ −(22.36+1.12−1.21). (13b)
• Vector meson mass spectrum
The vector meson masses are given by the following formulae.
M2V ij =M
2
V + g1V
S0i + S0j
2
. (14)
With this formulae, the U(3) nonets vector mesons masses are given by,
M2ρ = M
2
ω = M
2
V + g1V S01, (15a)
M2φ = M
2
V + g1V S03, (15b)
M2K∗ = M
2
V + g1V
S01 + S03
2
. (15c)
One can fix the parameter g1V as,
g1V = 2
M2φ −M2K∗
∆S
, (16)
where ∆S is the difference of the vaccumm expectation values in Eq.(4),
∆S = S03 − S01 = g2ms(1−∆)
M2σ
. (17)
One can also derive the following relation by using Eq.(15),
Mρ =
√
2M2K∗ −M2φ (18)
The relation leads to the prediction Mρ = 743 MeV which is about −4% smaller than
the measured value. In table I, we summarize the numerical values for the parameters
in the chiral Lagrangian of Eq. (1).
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Mκ =Mσ (MeV) 800 840 760
g2ms (MeV
3) 2.65 × 107 2.79 × 107 2.52 × 107
g1(MeV) 215 225 204
Bms (MeV
4) 9.24 × 108 9.24 × 108 9.24 × 108
∆ = mums
1
25
1
25
1
25
∆S = S03 − S01(MeV) 39.8 37.9 41.9
g1V (MeV) 12200 12800 11600
g 5.90 5.90 5.90
TABLE I: The numerical values for the parameters in the chiral Lagrangian. We use MK =
494(MeV), Mpi = 135(MeV), FK = 113 (MeV) ,Fpi = 92.2(MeV) and ΓK∗ = 50.8(MeV) as input.
g is determined with the width of K∗.
III. FORM FACTORS
The hadronic form factors relevant for the processes τ+ → ν¯K+P (P = π0, η, η′) are,
〈K+(pK)P (pP )|u¯γµs|0〉 = FK+P (Q2)qµ +
(
FK
+P
s (Q
2)− ∆KP
Q2
FK
+P (Q2)
)
Qµ, (19)
with Qµ = (pK + pP )
µ and ∆KP = m
2
K −m2P . The form factor denoted by F is the vector
form factor and Fs is the scalar form factor. The form factors have been computed by using
the variety of the methods, Ref.[12, 13, 14, 15]. In this work, we have used the hadronic
chiral Lagrangian including the vector and the scalar resonances in Eq.(1). We compute the
loop corrections to the self-energy of the vector and the scalar resonances. The real part of
the self-energy is divergent and we need to subtract the divergence. Corresponding to the
subtractions, we have added the polynomials. Some of the coefficients of the polynomials
are determined by the pole positions and the residues of the propagator for the resonances.
To compute the form factors, let us write the V-A charged current in terms of hadrons.
By differentiating Eq.(1) with the external vector fields AL, we obtain the current as,
qjLγµqiL = −i
f 2
2
(U∂µU
†)ij +
M2V
g
(
ξ(Vµ −
α0µ
g
)ξ†
)
ij
− ig1
4
{U∂µU †, ξSξ†}ij
+
g1V
2g
{S, ξ(Vµ −
α0µ
g
)ξ†}ij − i(ξ[S, ∂µS]ξ†)ij − (ξ[S, [S, α0µ]]ξ†)ij . (20)
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τ+
K+
pi0
W+
Vus
ν¯
(1-a)
τ+
K+
pi0
W+
VusK∗
K∗
ν¯
(1-b)
τ+
K+
pi0
W+
Vus κ
κ
ν¯
(1-c)
τ+
K+
pi0
W+
Vusκ
K∗
ν¯
(1-d)
τ+
K+
pi0
W+
VusK∗
κ
ν¯
(1-e)
FIG. 1: The Feynman diagrams contributing to the form factors
We first show the results of the form factors for Kπ final state.
FK
+pi0(Q2) =
1√
2
{
−R +R
−1
2
+
(∆S)2
2FKFpi
+
M2K∗
2g2FKFpi
(
1− M
2
K∗
AR
)
+
ΠTV S
2g2FKFpi
(1− 2M
2
K∗
AR
)
}
, (21a)
FK
+pi0
s (Q
2) =
∆Kpi
Q2
FK
+pi0(Q2)
+
1
2
√
2
{
R−1 − R + M
2
K∗
g2FKFpi
M2K∗
AR
∆Kpi(BRDR − C2R)
(AR +Q2BR)DR −Q2C2R
+
1
Q2C2
R
AR+Q2BR
−DR
gκKpi(Q
2)
∆S
FKFpi
+
gκKpi(Q
2)M2K∗ +M
2
K∗∆Kpi∆S
gFKFpi
CR
(AR +Q2BR)DR −Q2C2R
}
+
1
2
√
2FKFpig2
(
∆Kpi
Q2
(ΠLVS − ΠTVS)(1−
2M∗K
2
AR
) +
2∆Kpi
AR
ΠLVS
)
. (21b)
The form factors include the contribution of the Feynman diagrams shown in Fig. 1. In
Fig. 1, the propagators for K∗ and κ mesons are represented by the thick solid lines which
include the one loop corrections to the self-energy. Let us consider the propagators for K∗
and κ. They are obtained by inverting the inverse propagators for K∗ and κ.
 (gµνAR(Q2) +QµQνBR(Q2)) QµCR(Q2)
QνCR(Q
2) DR(Q
2)



Kν
κ

 =

 Jµ
J

 , (22)
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where Jµ and J are source terms for K
∗ and κ respectively. ARgµν +BRQµQν is the inverse
propagator for K∗ and DR denotes the inverse propagator for the κ. CR denotes the mixing
between the K∗ and κ. Inverting Eq. (22), one can obtain the propagator.
Kµ
κ

 =

 gµνA−1R + QµQνQ2 ( DR(AR+Q2BR)DR−Q2C2R −A−1R ) − QµCR(AR+Q2BR)DR−Q2C2R
− QνCR
(AR+Q2BR)DR−Q2C2R
AR+Q
2BR
(AR+Q2BR)DR−Q2C2R



 Jν
J

 .
(23)
To obtain the contributions to the form factors from Feynman diagrams Fig.(1-a) ∼ Fig.(1-
e), we set i = s, j = u in Eq. (20),
uLγµsL = − 1√
2
FK∂µK
− +
M2K∗√
2g
(K∗−µ − ig
∆S
M2K∗
∂µκ
−)
− i 1
2
√
2
(
K−∂µπ
0(
Fpi
FK
− M
2
K∗ + g
2(∆S)2
2g2FKFpi
)− ∂µK−π0(FK
Fpi
− M
2
K∗ + g
2(∆S)2
2g2FKFpi
)
)
− i
√
3
2
√
2
(
K−∂µη8(
F8
FK
− M
2
K∗ + g
2(∆S)2
2g2FKF8
)− ∂µK−η8(FK
F8
− M
2
K∗ + g
2(∆S)2
2g2FKF8
)
)
− i1
2
(
K0∂µπ
−(
Fpi
FK
− M
2
K∗ + g
2(∆S)2
2g2FKFpi
)− ∂µK0π−(FK
Fpi
− M
2
K∗ + g
2(∆S)2
2g2FKFpi
)
)
+
g1V
4g
(
1√
2
κ−(ρµ + ωµ) + κ0ρ−µ + f
0K∗−µ
+
1√
2
K∗−µ (a
0 + σ) +K∗0µ a
− + φµκ−
)
. (24)
For the diagram in Fig.(1-a), the direct coupling of the charged current to Kπ can be easily
extracted from Eq. (24). For the other diagrams, the amplitudes are obtained by multiplying
the propagators in Eq. (23) with the production amplitudes of K∗ and κ and the amplitudes
corresponding to their decays.
The matrix elements corresponding to Fig.(1-a) ∼ Fig.(1-e) are given as,
〈K+π0|uγµs|0〉|(1−a) = 1√
2
{
Qµ
R−1 − R
2
+ qµ
(
−R
−1 +R
2
+
M2K∗ + g
2(∆S)2
2g2FKFpi
)}
,
〈K+π0|uγµs|0〉|(1−b) = M
4
K∗
2
√
2g2FKFpi
(
−qµA−1R +Qµ
∆Kpi
AR
BRDR − C2R
(AR +Q2BR)DR −Q2C2R
)
,
〈K+π0|uγµs|0〉|(1−c) = −∆SgκKpi(Q
2)
2
√
2FKFpi
1
DR − Q
2C2
R
AR+Q2BR
Qµ,
〈K+π0|uγµs|0〉|(1−d) = M
2
K∗
2
√
2gFKFpi
∆S∆KpiCR
(AR +Q2BR)DR −Q2C2R
Qµ,
〈K+π0|uγµs|0〉|(1−e) = M
2
K∗
2
√
2gFKFpi
gκKpi(Q
2)CR
(AR +Q2BR)DR −Q2C2R
Qµ. (25)
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SV
(2-a)
S
V K∗
(2-b)
S
VK∗
(2-c)
FIG. 2: The Feynman diagrams of scalar and vector mesons loop whcih contribute to the form
factor for 〈KP |u¯γµs|0〉. They can be written in terms of the self-energy correction function ΠV S .
To derive Eq. (25), we have used the production amplitudes for K∗ and κ due to the vector
current uγµs,
〈K∗ρ |uγµs|0〉 = gρµ
√
2
M2K∗
g
,
〈κ|uγµs|0〉 = Qµ
√
2∆S. (26)
We also have used the strong interaction vertices which are given as,
〈K+π0|LV PP |K∗+σ 〉 =
M2K∗
4gFKFpi
qσ,
〈K+π0|LSPP |κ+〉 = 1
4FKFpi
gκKpi(Q
2), (27)
with q = pK − ppi. gκKpi(Q2) is the strong coupling for κ→ Kπ defined by,
gκKpi(Q
2) = g1
m2K +m
2
pi −Q2
2
− g2(3mu +ms) + ∆Kpi(∆S). (28)
In addition to the pseudoscalar loops, we have taken into account the vector and scalar
meson loops denoted by ΠV S. Each contribution is given by,
〈K+π0|u¯γµs|0〉|(2−a) = qνΠ
νµ
V S
2
√
2FKFpig2
,
〈K+π0|u¯γµs|0〉|(2−b) = −M
2
K∗
A
qνΠ
νρ
V S(δ
µ
ρ −
QρQ
µ
M2K∗
)
1
2
√
2FKFpig2
,
〈K+π0|u¯γµs|0〉|(2−c) = −M
2
K∗
A
qρ(gρν − QρQν
M2K∗
)
1
2
√
2FKFpig2
ΠνµV S, (29)
where ΠV S is identical to the self-energy function in Fig. (3-d),
ΠµνV S = (g
µν − Q
µQν
Q2
)ΠTV S +
QµQν
Q2
ΠLV S. (30)
By denoting the self-energy corrections as δAR, δBR, CR and ΠV S corresponding to the
10
K∗ K∗
K
P = pi0, η, pi+
(3-a)
κ κ
K
P = pi0, η, pi+
(3-b)
κ K∗
K
P = pi0, η, η′pi+
(3-c)
K∗ K∗
S
V
(3-d)
FIG. 3: (3-a): The pseudoscalar meson loop corrections to the self-energy for K∗ (δAR, δBR).
(3-b): The self-energy for κ (δDR) . (3-c): The mixing term (CR). (3-d): Π
V S .
Feynman diagrams in Fig.3, one obtains
AR(s) = M
2
K∗ − s− iMK∗ΓK∗(s) + Re.(δAR(s)) + ΠTV S + (a0 + k0) + (a1 + k1)s,
sBR(s) = s(1 + b0 + l1) + i
(
ν3Kpi
48πs2
+
νKpi∆
2
Kpi
16πs2
)
3g2K∗Kpi
+ i
(
ν3Kη
48πs2
+
νKη∆
2
Kη
16πs2
)
3g2K∗Kpi
(
Fpi
F8
)2
cos2 θ08
+ i
(
ν3Kη′
48πs2
+
νKη′∆
2
Kη′
16πs2
)
3g2K∗Kpi
(
Fpi
F8
)2
sin2 θ08 + sRe.(δBR(s)) + Π
L
SV −ΠTSV ,
CR(s) = Re.(CR(s)) + c0 + i
νKpi(s)
16πs2
∆Kpi
4FKFpi
3gκKpi(s)gK∗Kpi
−i νKη(s)
16πs2
∆KηFpi
4FKF
2
8
gκKη(s)gK∗Kpi cos
2 θ08
−i νKη′(s)
16πs2
∆Kη′Fpi
4FKF
2
8
gκKη′(s)gK∗Kpi sin
2 θ08,
DR(s) = s−M2κ + iMκΓκ(s) + Re.(δDR(s)) + d0 + d1s+ d2s2, (31)
where s = Q2 and gK∗Kpi =
M2
K∗
4gFKFpi
. The momentum dependent widthes ΓK∗(s) and Γκ(s)
are given as,
ΓK∗(s) = 3
1
48πMK∗
(
ν3Kpi
s2
+ cos2 θ08
ν3Kη
s2
(
Fpi
F8
)2
+ sin2 θ08
ν3Kη′
s2
(
Fpi
F8
)2)
g2K∗kpi,
Γκ(s) = 3
νKpi
16π
g2κkpi(s)
sMκ
(
1
4FKFpi
)2
+
(
cos2 θ08
νKη
16π
g2κKη(s)
sMκ
+ sin2 θ08
νKη′
16π
g2κKη′(s)
sMκ
)(
1
4
√
3FKF8
)2
, (32)
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where νKP =
√
s2 − 2s(m2K +m2P ) + ∆2KP (P = π, η, η′) and is related to the momentum of
kaon pK in the hadronic rest frame as pK =
νKP
2
√
s
. The real part of the self-energy corrections
are divergent. We have subtracted the divergences at zero momentum as,
δAR(s) = δA(s)− δA(0)− sA′(0),
δBR(s) = δB(s)− δB(0),
CR(s) = C(s)− C(0),
δDR(s) = δD(s)− δD(0)− sD′(0)− s
2
2
D′′(0). (33)
Then we have added the polynomials with respect to s which coefficients are finite renor-
malization constants. We have added the polynomial a0 + a1s which corresponds to the
twice subtractions for δAR in Eq. (33). For δBR and CR, we have added a finite constant to
each denoted by b0 and c0 respectively. About the self-energy correction of the scalar meson
δDR(s), we need to subtract divergences up to s
2. Therefore, we need to add the polynomial
d0 + d1s+ d2s
2 which is quadratic with respect to s.
The self-energy corrections in Eq. (33), δAR ∼ CR, are given by,
δAR(s) =
3g2K∗Kpi
16π2
{(
−ΣKpi(1
2
+ log
s
mKmpi
) +
s
3
(−1 + log s
mKmpi
)− 2sRKpi
− sm
6
K +m
6
pi − 3m2Km2piΣKpi
3∆3Kpi
log
mK
mpi
+
s
18∆2Kpi
(5m4K + 5m
4
pi − 22m2Km2pi)
+
Σ2Kpi +∆
2
Kpi
4∆Kpi
log
m2K
m2pi
)
+
(
Fpi
F8
)2
cos2 θ08
(
s
18∆2Kη
(5m4K + 5m
4
η − 22m2Km2η)
− ΣKη(1
2
+ log
s
mKmη
) +
Σ2Kη +∆
2
Kη
4∆Kη
log
m2K
m2η
+
s
3
(−1 + log s
mKmη
)
− 2sRKη − s
m6K +m
6
η − 3m2Km2ηΣKη
3∆3Kη
log
mK
mη
)
+ sin2 θ08
(
Fpi
F8
)2
(−2sRKη′
− ΣKη′(1
2
+ log
s
mKm′η
) +
s
3
(−1 + log s
mKm′η
) +
Σ2Kη′ +∆
2
Kη′
4∆Kη′
log
m2K
m2η′
− sm
6
K +m
′6
η − 3m2Km′2η ΣKη′
3∆3Kη′
log
mK
mη′
+
s
18∆2Kη′
(5m4K + 5m
4
η′ − 22m2Kmη′2)
)}
,
(34)
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δBR(s) =
3g2K∗Kpi
16π2
{(
−1
3
log
s
mKmpi
−R′Kpi +
Σ3Kpi
6∆3Kpi
log
m2K
m2pi
− 4
9
m4K +m
2
Km
2
pi +m
4
pi
∆2Kpi
)
+
cos2 θ08
(
Fpi
F8
)2(
−1
3
log
s
mKmη
− R′Kη +
Σ3Kη
6∆3Kη
log
m2K
m2η
− 4
9
m4K +m
2
Km
2
η +m
4
η
∆2Kη
)
+
sin2 θ08
(
Fpi
F8
)2(
−1
3
log
s
mKmη′
−R′Kη′ +
Σ3Kη′
6∆3Kη′
log
m2K
m2η′
− 4
9
m4K +m
2
Km
2
η′ +m
4
η′
∆2Kη′
)}
,
(35)
CR(s) =
3gK∗Kpi
64π2FKFpi

−gκKpi(s)(2R1Kpi −R0Kpi) + gκKpi(0)

m2Km2pi log m2Km2pi
∆2Kpi
− ΣKpi
2∆Kpi



−
cos2 θ08
3gK∗KpiFpi
64π2FKF 28

−gκKη(s)(2R1Kη − R0Kη) + gκKη(0)

m2Km2η log m
2
K
m2η
∆2Kη
− ΣKη
2∆Kη



−
sin2 θ08
3gK∗KpiFpi
64π2FKF 28

−gκKη′(s)(2R1Kη′ − R0Kη′) + gκKη′(0)

m
2
Km
2
η′ log
m2
K
m2
η′
∆2Kη′
− ΣKη′
2∆Kη′



 ,
(36)
where RPQ and R
′
PQ are defined as,
RPQ =
∫ 1
0
dx
(
x2 − x(1 + ∆PQ
s
) +
M2P
s
)
log
(
x2 − x(1 + ∆PQ
s
) +
M2P
s
− iǫ
)
,
R′PQ = 4R2PQ − 4R1PQ +R0PQ, (37)
with
R
(n)
PQ =
∫ 1
0
dx xn log
(
x2 − x(1 + ∆PQ
s
) +
M2P
s
− iǫ
)
. (38)
We give the explicit forms for R
(n)
PQ (n = 0 ∼ 2) in appendix B. The inverse propagator for
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the scalar meson is,
δDR(s) =
3
(4FKFpi)2
{
g2κKpi(s)J¯Kpi(s)− g2κKpi(0)J ′Kpi(0)s− s2 (2gκKpi(0)g′κKpi(0)J ′Kpi(0)
+
1
2
gκKpi(0)
2J ′′Kpi(0)
)}
+
cos2 θ08
(4
√
3FKF8)2
{
g2κKη(s)J¯Kη(s)− g2κKη(0)J ′Kη(0)s
− s2
(
2gκKη(0)g
′
κKη(0)J
′
Kη(0) +
1
2
gκKη(0)
2J ′′Kη(0)
)}
+
sin2 θ08
(4
√
3FKF8)2
{
g2κKη′(s)J¯Kη′(s)− g2κKη′(0)J ′Kη′(0)s
− s2
(
2gκKη′(0)g
′
κKη′(0)J
′
Kη′(0) +
1
2
gκKη′(0)
2J ′′Kη′(0)
)}
, (39)
where
J¯PQ(s) =
θ(s− (MP +MQ)2)
32π2
{
2 + (
∆PQ
s
− ΣPQ
∆PQ
) log
M2Q
M2P
− νPQ
s
log
(s+ νPQ)
2 −∆2PQ
(s− νPQ)2 −∆2PQ
+
i2π
νPQ
s
}
+
θ((MP +MQ)
2 − s)θ(s− (MP −MQ)2)
32π2
{
(
∆PQ
s
− ΣPQ
∆PQ
) log
M2Q
M2P
+2 +
2
√
−ν2PQ
s

tan−1s−∆PQ√
−ν2PQ
+ tan−1
s+∆PQ√
−ν2PQ



 , (40)
with ΣPQ = m
2
P +m
2
Q and ν
2
PQ = s
2−2sΣPQ+∆2PQ = (s− (MP +MQ)2)(s− (MP −MQ)2).
We also note,
J ′PQ(0) =
1
32π2
{
ΣPQ
∆2PQ
+ 2
M2PM
2
Q
∆3PQ
log
M2Q
M2P
}
,
J ′′PQ(0) =
1
32π2
{
2
3∆4PQ
(3Σ2PQ − 2∆2PQ) + 4
M2PM
2
Q
∆5PQ
ΣPQ log
M2Q
M2P
}
. (41)
The self-energy corrections due to the vector and the scalar meson loop are also divergent,
Πµν = −g
2
1V
8
∑
V S
CV Sµ
4−d
∫
ddk
(2π)di
gµν − kµkν
m2
V
(k2 −m2V )((Q− k)2 −m2S)
= −g
2
1V
8
∑
V S
CV S(g
µνK1 −QµQνK2), (42)
where CV S are factors determined by scalar and vector mesons which contribute to the loop
and are given as,
(CK∗σ, Cωκ, Cρκ, CK∗a, Cφκ, CK∗f0) = (
1
2
,
1
2
,
3
2
,
3
2
, 1, 1). (43)
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We subtracted the divergences of K1 and K2 as,
K1V S = K1(s)−K1(0)−K ′1(0)s,
K2V S = K2(s)−K2(0). (44)
Using K1V S and K2V S, we write the self-energies Π
T
V S and Π
L
V S in Eq. (30) as,
ΠTV S = −
g21V
8
∑
V S
CV SK1V S,
ΠLV S − ΠTV S
s
=
g21V
8
∑
V S
CV SK2V S. (45)
The explicit forms for KiV S (i = 1, 2) are given as,
K1V S =
1
16π2
{
−1
2
R
(0)
V S −
s+∆V S
2M2V
R
(1)
V S +
s
2M2V
R
(2)
V S − 1 +
s
12M2V
+
ΣV S
8M2V
− ΣV S
2s
+
s
12M2V
(
−3
2
+
2
3
M4V +M
2
VM
2
S +M
4
S
∆2V S
)
+ log
MVMS
s
(
1− ΣV S
4M2V
+
s
12M2V
)
+ log
MV
MS
(
ΣV S
∆V S
− M
4
V +M
4
S
4∆V SM
2
V
+
2M2VM
2
S
s∆V S
+
s
12M2V
M6V +M
6
S − 3M2VM2SΣV S
∆3V S
)}
,
K2V S =
1
16π2M2V
1
∆3V S
{
M6V log
M2
V
s
3
− 11
18
M6V −
M6S log
M2
S
s
3
+
M6S
9
− M
2
VM
4
S
2
+M4VM
2
S −M2VM2S∆V S log
M2S
s
}
− 1
16π2M2V
R
(2)
V S. (46)
The absorptive parts of KiV S (i = 1, 2) are written as,
Im(K1V S) =
νV S
32πs
(1 +
s
6M2V
+
∆V S
2M2V
+
ΣV S
6M2V
+
∆2V S
6sM2V
),
Im(K2V S) =
νV S
48πsM2V
(1− ΣV S
2s
+
3∆V S
2s
+
∆2V S
s2
). (47)
In AR and BR of Eq.(32), we have added the polynomial l1s to Π
L
V S −ΠTV S and k0 + k1s to
ΠTV S. The polynomials corresponds to the subtraction of the divergent parts of Eq. (44).
The above derivation of the form factors for Kπ final state is easily extended to Kη and
Kη′ case.
FK
+η(Q2) = cos θ08
√
3√
2
{
−R8 +R
−1
8
2
+
(∆S)2
2FKF8
+
ΠTV S
2g2FKF8
(
1− 2M
2
K∗
AR
)
+
M2K∗
2g2FKF8
(
1− M
2
K∗
AR
)}
, (48a)
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FK
+η
s (Q
2) =
∆Kη
Q2
FK
+η(Q2)
+ cos θ08
√
3
2
√
2
{
R−18 −R8 +
M2K∗
g2FKF8
M2K∗
AR
∆Kη(BRDR − C2R)
(AR +Q2BR)DR −Q2C2R
− 1
Q2C2
R
AR+Q2BR
−DR
gκKη(Q
2)
∆S
3FKF8
− gκKη(Q
2)M2K∗ − 3M2K∗∆Kη∆S
3gFKF8
CR
(AR +Q2BR)D −Q2C2
+
1
FKF8g2
(
∆Kη
s
(ΠLV S −ΠTV S)(1−
2M2K∗
AR
) +
2∆Kη
AR
ΠLV S
)}
, (48b)
FK
+η′(Q2) = sin θ08
√
3√
2
{
−R8 +R
−1
8
2
+
(∆S)2
2FKF8
+
M2K∗
2g2FKF8
(
1− M
2
K∗
AR
)
+
ΠTV S
2g2FKF8
(
1− 2M
2
K∗
AR
)}
, (49a)
FK
+η′
s (Q
2) =
∆Kη′
Q2
FK
+η′(Q2)
+ sin θ08
√
3
2
√
2
{
R−18 −R8 +
M2K∗
g2FKF8
M2K∗
AR
∆Kη′(BRDR − C2R)
(AR +Q2BR)D −Q2C2R
− 1
Q2C2
R
AR+Q2BR
−DR
gκKη′(Q
2)
∆S
3FKF8
− gκKη′(Q
2)M2K∗ − 3M2K∗∆Kη′∆S
3gFKF8
CR
(AR +Q2BR)DR −Q2C2R
+
1
FKF8g2
(
∆Kη′
s
(ΠLV S − ΠTV S)(1−
2M2K∗
AR
) +
2∆Kη′
AR
ΠLV S
)}
, (49b)
with R8 =
FK
F8
and ∆Kη(′) = m
2
K − m2η(′). To derive Eq. (48a) and Eq. (49a), we used the
strong interaction vertices for K∗ → Kη and K∗ → Kη′,
〈K+η|LV PP |K∗+σ 〉 = cos θ08
M2K∗
4gFKF8
√
3qσ,
〈K+η′|LV PP |K∗+σ 〉 = sin θ08
M2K∗
4gFKF8
√
3qσ, (50)
where q = pk − pP (P = η, η′). We also use κ→ Kη(′) vertices which are given by,
〈K+η|LSPP |κ+(Q)〉 = − cos θ08
4
√
3FKF8
gκKη(Q
2),
〈K+η′|LSPP |κ+(Q)〉 = − sin θ08
4
√
3FKF8
gκKη′(Q
2),
gκKη(′)(Q
2) = g1
m2K +m
2
η(
′) −Q2
2
− g2(5ms −mu)− 3∆Kη(′)(∆S). (51)
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mK 493.7 mη′ 957.8
mpi 135.0 Mρ 775.5
MK∗ 891.7 Mτ 1777
Mφ 1019 Γτ 2.26 × 10−9
Mω 782.7 Vus 0.2257
mη 547.5 ΓK∗ 50.8
TABLE II: The numerical values for masses,widths and Vus used in our numerical analysis. The
units of mass and width are MeV.
IV. NUMERICAL ANALYSIS OF THE FORM FACTORS
In this section, we give the numerical results of the form factors. We summarize the
numerical values for the masses of hadrons and width which are used for the numerical
analysis in table II. We first determine the finite renormalization constants. There are ten
constants. We first renormalize Re.AR and Re.DR so that each inverse propagator has zero
at the on-shell mass s = M2K∗ and s = M
2
κ respectively. And then we require the residues
of the propagators Re. 1
AR
and Re 1
DR
are unity on their pole masses. Because of the four
conditions, we can constrain the parameters a0+k0, a1+k1, d0, d1 and d2. We show the four
conditions below,
a0 + k0 + (a1 + k1)M
2
K∗ = −Re.δAR(M2K∗)− Re.ΠTVS(M2K∗),
a1 + k1 = −dRe.(δAR +Π
T
V S)
ds
|s=M∗
K
2,
d0 + d1M
2
κ + d2M
4
κ = −Re.δDR|s=M2κ,
d1 + 2M
2
κd2 = −
dRe.δDR
ds
|s=M2κ . (52)
Moreover we set four parameters c0, b0, l1, d2 to be zeros. Below we show the numerical
values of constants for Mκ = 800 MeV case.
a0 + k0 = −5.68× 105(MeV2),
a1 + k1 = 0.345,
d1 = −0.140,
d0 = −1.87× 103(MeV2). (53)
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Mκ (MeV)
a1 + k1
a0 + k0
d1
d0
k0
k1
Br(Kpi0)
Br(Kη)
Br(Kη′)
760
0.33961
−63519.7
−0.139154
6485.53
−4.16 × 105
0.6558
0.00416079
0.000162063
4.14285 × 10−6
800
0.34471
−56822.9
−0.140467
−1871.23
−4.03 × 105
0.6561
0.00416079
0.000162015
3.87288 × 10−6
840
0.35100
−52534.2
−0.134301
−16362.1
−3.92× 105
0.6564
0.00415823
0.000162325
3.94976 × 10−6
TABLE III: The numerical values for the finite renormalization constants. They are chosen so that
the the branching fractions of τ → Kpiν and τ → Kην can be reproduced.
We also show the values of the constants in Table.III for Mκ = 760 MeV and 840 MeV. Be-
cause the other parameters were set to be zero, there are only two undetermined parameters.
We choose k0 and k1 as the parameters to be adjusted. They are fixed so that the branching
fractions for τ → Kπν and τ → Kην can be reporoduced. For (k0, k1) = (−4.03×105, 0.656),
we obtain
Br(τ∓ → K∓πν) = 0.416× 10−2,
Br(τ∓ → K∓ην) = 1.62× 10−4, (54)
which are close to the expeimental results [5] and [6],
Br(τ− → K−π0ν) = 0.416± 0.003± 0.018× 10−2,
Br(τ− → K−ην) = (1.62± 0.05± 0.09)× 10−4. (55)
The branching fraction for τ → Kη′ν becomes,
Br(τ → Kη′ν) = 3.87× 10−6. (56)
We have plotted the hadronic invariant mass spectrum for Kπ,Kη and Kη′ cases in Fig. 4.
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The formulae can be found in [1],
dBr(τ± → K±Pν¯(ν))
d
√
s
=
pK
Γτ
G2F |Vus|2
25π3
(m2τ − s)2
m3τ(
(
2m2τ
3s
+
4
3
)pK
2|FKP (s)|2 + m
2
τ
2
|FKPs (s)|2
)
, (57)
where pK is the momentum of kaon in the hadronic CM frame. In the hadronic invariant
mass spectrum for K±π0 at low invariant mass region, K∗ resonance can be seen. Just below
K∗, we can see the effect of κ(800). At the high invariant mass region, the new thresholds
due to the vector and scalar channels are open and these effects can be seen in Kπ, Kη and
Kη′ cases in Fig. 4.
600 800 1000 1200 1400 1600 1800
1. ´ 10-11
1. ´ 10-9
1. ´ 10-7
0.00001
√
s(MeV)
dBr
d
√
s
FIG. 4: The hadronic invariant mass spectrum dBr
d
√
s
for Kpi0 (solid line), Kη (dashed line) and Kη′
(short dashed line) cases. We choose Mκ = 800 MeV and the other parameters are fixed as in the
corresponding columns of Table.III.
V. FORWARD AND BACKWARD ASYMMETRY AND CP VIOLATION
In this section, we compute the forward and backward asymmetry [8] and the direct CP
violation for τ → KPν decay. We start with the double differential rate of the unpolarized
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τ decay [1],
dBr
d
√
sd cos θ
=
1
Γτ
G2F |Vus|2
25π3
(m2τ − s)2
m3τ
{(
m2τ
s
cos2 θ + sin2 θ
)
p2K |FKP (s)|2 +
m2τ
4
|FKPs |2
−m
2
τ√
s
pK cos θRe.(F
KP (s)FKPs (s)
∗)
}
, (58)
where θ is the scattering angle of kaon with respect to the incoming τ in the hadronic CM
frame. The forward and backward asymmetry extracts the interference term of the vector
form factor and the scalar form factor.
AFB(s) =
∫ 1
0
d cos θ dBr
d
√
sd cos θ
− ∫ 0−1 d cos θ dBrd√sd cos θ
dBr
d
√
s
= −
pK√
s
|FKPs |
|FKP | cos δ
KP
st(
2m2τ
3s
+ 4
3
)
p2
K
m2τ
+ 1
2
|FKPs
FKP
|2
, (59)
with δKPst = arg.(
FKP
FKPs
). As we can see from Eq. (59), the forward and the backward asymme-
try is determined by the ratio of the scalar and the vector form factors. It is also proportional
to cosine of the strong phase shift δst. In Fig. 5, we show the vector and the scalar form
factors and their ratio for Kπ case. We also show the strong phase shifts in Fig. 6. The
forward and backward asymmetries for Kπ , Kη and Kη′ cases are shown in Fig. 7. As can
be seen from Fig. 7, the forward and backward asymmetry for Kπ case is large near the
threshold region where the scalar contribution is also large. (See Fig. 5.) We can expect
about 50% asymmetry for τ → Kπν decay.
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FIG. 5: Left: The vector form factor |FKpi| (thick solid line) and the scalar form factor 10× |FKpis |
(thin solid line). Right: The ratio |F
Kpi
s |
|FKpi| .
By including new physics source of CP violation , we can predict the direct CP violation
of the forward and backward asymmetry. To be definite, we start with non-minimal two
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FIG. 6: The phase of the vector form factor: δKpiV = arg.F
Kpi (short dashed line) and the phase
of the scalar form factor δKpiS = arg.F
Kpi
s (dashed line). The strong phase shift δ
Kpi
st = δ
Kpi
V − δKpiS
is shown with thick solid line. δKηst and δ
Kη′
st are shown with long short dashed line and solid line
respectively.
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FIG. 7: The predictions of the forward and backward asymmtries of τ → Kpiν (thick solid line)
τ → Kην (dashed line) and τ → Kη′ν (short dashed line) in the standard model.
Higgs doublet model in which the two Higgs doublets have couplings to the charge leptons,
− L = y1ijeRiH˜1†LLj + y2ijeRiH†2LLj + yd1ijdRiH˜1
†
QLj
+ yu2ijuRiH˜2
†
QLj + y
ν
2ijνRiH˜2
†
LLj +
MNi
2
νRi(νRi)
c + h.c., (60)
where we assume that H2 is coupled with neutrinos and both H1 and H2 are coupled with
the charged leptons. The neutrino mass is given by the seesaw mechanism. However, the
right-handed Majorana neutrino with the mass MN much heavier than the electro-weak
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scale does not affect on the interaction terms with the mass dimension equal to four at all.
Therefore, we keep the terms which are not suppressed by a factor 1
MN
in discussion below.
In two Higgs doublet model, without loss of generality, one can parametrize the Higgs fields
as,
H2 = e
i
θCP
2

 − cos βH+
v2+h2−i cos βA√
2

 , H˜1 = iτ2H∗1 = e−i θCP2

 − sin βH+
−v1+h1+i sinβA√
2

 , (61)
where θCP is the relative phase of the vaccuum expectaion values of Higgs and its value can
be determined from Higgs potential. The charged current interactions of the model are,
L = H+νLilRj(
Y ∗2jie
+i θ
2
cos β
− δij g tanβmj√
2MW
)
− H−diRV ∗uiuL
gmdi tan β√
2MW
−M2HH+H−
− g√
2
V ∗uiW
−
µ dLiγ
µuL − g√
2
νiLγµlLiW
+µ +M2WW
+µW−µ + h.c., (62)
where the charged lepton masses ml = diagonal(me, mµ, mτ ) are obtained by the diagonal-
ization.
VR
1√
2
(−y1v1ei
θCP
2 + y2v2e
−i θCP
2 )V †L = ml. (63)
Eq. (63) can be used to express y1 in terms of the charged lepton mass and the other Yukawa
coupling y2. By introducing,
Y2 = VRy2V
†
L , (64)
one can obtain Eq. (62). The four fermi interactions induced by the charged Higgs exchange
are,
LH = GF√
2
tan2 β
M2H
{
νi
(
δij − r2ij 1
sin β
)
mlj(1 + γ5)lj
}
×
{
dV †KM
(
md(1− γ5) +mu cot2 β(1 + γ5)
)
u
}
+ h.c., (65)
where r2ij denotes the non-minimal couplings of charged Higgs boson between the charged
lepton lj to the neutrino νi,
r2ij =
Y ∗2jie
i
θCP
2
Y SMj
, (66)
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where Y SM denotes the standard model Yukawa couplings for charged leptons, Y SMj
v√
2
=
mlj . The amplitude of the two Higgs doublet model is,
Amp.(τ− → νiK−P ) = −GF√
2
V ∗usu¯iγ
µ(1− γ5)uτ{
δiτ (qµ − ∆KP
Q2
Qµ)F
KP +
(
δiτ (1− Q
2
M2H
tan2 β) +
Q2
M2H
tan2 β
sin β
r2iτ
)
FKPs Qµ
}
, (67)
where the matrix element of the scalar current is given by,
〈K−π0|s¯u|0〉 = Q
2
ms −muF
KP
s . (68)
Then τ → KPνi branching fraction is,
dBr(τ− → K−Pνi)
d
√
sd cos θ
=
1
Γ
G2F
25π3
(m2τ − s)2
m3τ
{(
m2τ
s
cos2 θ + sin2 θ
)
p2K |FKP |2δiτ +
m2τ
4
|FKPsiτ |2
− δiτm
2
τ√
s
pK cos θRe.(F
KPFKP∗sττ )
}
, (69)
where we define
FKPsiτ =
{
δiτ
(
1− Q
2
M2H
tan2 β
)
+
Q2
M2H
tan2 β
r2iτ
sin β
}
FKPs (70)
for i = e, µ and τ . We neglect the small corrections proportional to up quark mass. For CP
conjugate processes τ+ → K+π0ν¯i is obrained by replacing r2 in the amplitude τ− → K−π0νi
with its complex conjugate r∗2. Therefore the direct CP violation of the forward and backward
asymmetries is given as,
AFB − A¯FB =
2pK√
s
|FKPs |
|FKP | sin δst
(2m
2
τ
3s
+ 4
3
)
p2
K
m2τ
+ 1
2
∑
i
|FKPsiτ |2
|FKPττ |2
(
Q2
M2H
tan2 β
sin β
)
|r2ττ | sin θ2ττ , (71)
where we parametrize CP violating phase of the flavor diagonal coupling as,
r2ττ = |r2ττ |eiθ2ττ . (72)
We set the flavor off-diagonal couplings in r2iτ to be zeros. We note that in the isospin
limit mu = md, the CP asymmetry of Eq. (71) for K
±π0 case is identical to the direct CP
violation of τ− → Ksπ−νi and τ+ → Ksπ+ν¯i. Contrary to the CP violation of the total
branching ratios which is sensitive to the CP violation of the mixing of K0 and K¯0 [16],
the CP violation of the forward and backward asymmetries does not depend on the mixing
induced CP violation.
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The CP violation of the forward and backward asymmetry is shown for K∓π0 case in
Fig. 8. By taking |r2ττ | = 1, one can see that CP asymmetries can be as large as a few
%. At low invariant mass region
√
s < 900(MeV), the direct CP violation is negative while
at high invariant mass region
√
s > 900 (MeV) , the CP violation is positive. The sign
is correlated to sin δst as can be seen in Eq. (71). From Fig. 6, we can see sin δst also
changes its sign around
√
s = 900(MeV). We also change the charged Higgs boson mass.
For MH > 500 (GeV), CP violation is suppressed to less than 1 %. In Fig. 9, we also show
the CP asymmetries for Kη and Kη′ cases. We note the sign of the CP violation is opposite
to the sign at high invariant mass region of Kπ case.
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FIG. 8: CP violation for the forward and backward asymmetries of τ → Kpiν. The charged Higgs
boson mass is changed as MH(GeV) = 200 (thick solid line),250 (dashed line), 500 (short dashed
line) and 700 (solid line). The other parameters are tan β = 50, |r2ττ | = 1 and θ2ττ = pi2 .
VI. CONCLUSION AND DISCUSSION
We have studied CP violation of τ → KPν (P = π0, η, η′) decays and τ → Ksπν. CP
violation for the forward and backward asymmetries is computed using the two Higgs doublet
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FIG. 9: CP violation for the forward and backward asymmetries of τ → Kpiν (thick solid line),
τ → Kην (dashed line) and τ → Kη′ν (short dashed line). We choose the parameters asMH = 300,
tan β = 50 |r2ττ | = 1, θ2ττ = pi2
model which has the non-minimal Yukawa couplings to the charged leptons. The effect of
the CP violation is numerically studied. The direct CP violation depends on the strong
phase shifts sin(δV −δs). To evaluate the phase shifts, we use the chiral lagrangian including
the vector and the scalar resonances and take into account of the one loop corrections. We
compute both real part and imaginary part of their self-energies. The divergences of the real
part is subtracted properly. We have determined the finite renormalization constants so that
the branching fractions for Kπ and Kη modes are reproduced. We also take into account
of U(1)A breaking so that η0 and η8 mixing can be incorporated. With those improved
treatment, we can predict the hadronic invariant mass spectrum and CP violation even at
high invariant mass region for Kπ case as well as the same observables of Kη and Kη′ cases.
The effect on the direct CP violation of the non-minimal coupling is studied. For the
non-minimal Yukawa coupling as large as that of the standard model Yukawa coupling of
τ lepton, we have predicted a few % CP asymmetries within the parameter region with
MH = 200 ∼ 300(GeV) and with tanβ ∼ 50.
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APPENDIX A: SCALAR AND VECTOR MESON NONETS
Here we show the scalar and vector meson nonets.
S =


a0
2
+ σ
2
a+√
2
κ+√
2
a−√
2
−a0
2
+ σ
2
κ0√
2
κ−√
2
κ0√
2
f 0

 , V =


ρ
2
+ ω
2
ρ+√
2
K∗+√
2
ρ−√
2
−ρ0
2
+ ω
2
K∗0√
2
K∗−√
2
K∗0√
2
φ

 . (A1)
APPENDIX B: FUNCTIONS R
(n)
PQ
The function R
(n)
PQ is defined as,
R
(n)
PQ =
∫ 1
0
dxxn log(x2 − (1 + ∆PQ
s
)x+
M2P
s
− iǫ). (B1)
There are two regions for s of interests depending on below the threshold, i.e., (1) (MP −
MQ)
2 ≤ s ≤ (MP +MQ)2 or the above threshold (2) (MP +MQ)2 ≥ s.
For the case (2),
R
(n)
PQ =
∫ 1
0
xn log((x− a)(x− b)− iǫ)dx, (B2)
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with a and b are given as,
a =
1 +
∆PQ
s
2
− νPQ
2s
,
b =
1 +
∆PQ
s
2
+
νPQ
2s
, (B3)
with 0 ≤ a, b ≤ 1. We show the real part of R(n)PQ,
Re.(R
(0)
PQ) = −2 + log(1− a)(1− b)− a log
1− a
a
− b log 1− b
b
,
Re.(R
(1)
PQ) =
a2
2
log
a
1− a +
1
2
log(1− a)− 1
4
− a
2
+
b2
2
log
b
1− b +
1
2
log(1− b)− 1
4
− b
2
,
Re.(R
(2)
PQ) = −
6a2 + 3a+ 2
18
+
1
3
log(1− a) + a
3
3
log
a
1− a,
− 6b
2 + 3b+ 2
18
+
1
3
log(1− b) + b
3
3
log
b
1− b. (B4)
For the case (1),
R
(n)
PQ =
∫ 1
0
dxxn log((x− β)2 + α2)
=
∫ 1−β
−β
dy(β + y)n log(y2 + α2), (B5)
where,
α =
√
((MP +MQ)2 − s)((s− (MP −MQ)2)
2s
=
√
−ν2PQ
2s
,
β =
s+∆PQ
2s
. (B6)
We define the indefinite integrals,
r
(n)
PQ(y) =
∫ y
dyyn log(y2 + α2). (B7)
Using the integrals, one can write,
R
(0)
PQ = r
(0)
PQ(1− β)− r(0)PQ(−β),
R
(1)
PQ = r
(1)
PQ(1− β)− r(1)PQ(−β) + βR(0)PQ,
R
(2)
PQ = r
(2)
PQ(1− β)− r(2)PQ(−β) + 2βR(1)PQ − β2R(0)PQ. (B8)
The indefinite integrals are given by,
r
(2)
PQ =
1
3
(y3 log(y2 + α2)− 2y
3
3
+ 2α2y − 2α3 arctan y
α
),
r
(1)
PQ =
1
2
(
(y2 + α2) log(y2 + α2)− y2) ,
r
(0)
PQ = y log(y
2 + α2)− 2y + 2α arctan y
α
. (B9)
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